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Context and motivation 
Current modeling of CRs
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• In RAMSES, CRs are modeled according to a « grey approach »


• But cooling processes and diffusion depend on momentum

• To better understand the dynamics of CRs within galaxies, we propose to model the 
momentum distribution function  and follow its evolutionf(p, t)

Caprioli & Spitkovsky 14

Cosmic rays

N.Diallo  



Numerical scheme

• Piece-wise power law distribution function





• Number density 




• Energy density 




Evolution of  <=> Evolution of 


f(p) = fi−1/2 ( p
pi−1/2 )

−qi

n
ni = 4π∫

pi+1/2

pi−1/2

p2 f(p)dp

e
ei = 4π∫

pi+1/2

pi−1/2

p2 T(p)f(p)dp

( fi−1/2, qi) (ei, ni)
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Based on Girichidis et al. (2020)
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Spectral method
Equations on distribution function f
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f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t) with  the CR particle pitch angle μ = ⃗p . b⃗



Spectral method
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f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t)
∂f0
∂t

+ ⃗∇ . ( ⃗uf0) + ⃗∇ . (vb⃗f1) =
1
p2

∂
∂p [p2b(p)f0] + j0

∂f1
∂t

+ ⃗∇ . ( ⃗uf1) + vb⃗ ⃗∇ ( f0
3 ) = − [D̄μμ f1 + D̄μp

∂f0
∂p ] + j1

Equation evolving the isotropic part of : f

Equation evolving the anisotropic part of : f

with  the CR particle pitch angle μ = ⃗p . b⃗

Equations on distribution function    f



Spectral method
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f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t)
∂f0
∂t

+ ⃗∇ . ( ⃗uf0) + ⃗∇ . (vb⃗f1) =
1
p2

∂
∂p [p2b(p)f0] + j0

∂f1
∂t

+ ⃗∇ . ( ⃗uf1) + vb⃗ ⃗∇ ( f0
3 ) = − [D̄μμ f1 + D̄μp

∂f0
∂p ] + j1

Equation evolving the isotropic part of : f

Equation evolving the anisotropic part of : f

 gas velocity

 : CR particle velocity


: scattering rate


: streaming transport


 : CR injection

⃗u :
v
D̄μμ

D̄μp

j0,1

with  the CR particle pitch angle μ = ⃗p . b⃗

b(p) = bl + p
⃗∇ . ⃗u
3

+ Dpμ
f1
f0

+
Dpp

f0

∂f0
∂p

Radiative losses 

Adiabatic changes

Streaming losses

Fermi II acceleration

Equations on distribution function    f



Spectral method

7
N.Diallo  

f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t)
∂f0
∂t

+ ⃗∇ . ( ⃗uf0) + ⃗∇ . (vb⃗f1) =
1
p2

∂
∂p [p2b(p)f0] + j0

∂f1
∂t

+ ⃗∇ . ( ⃗uf1) + vb⃗ ⃗∇ ( f0
3 ) = − [D̄μμ f1 + D̄μp

∂f0
∂p ] + j1

Equation evolving the isotropic part of : f

Equation evolving the anisotropic part of : f

when  ⟨μ⟩ ≪ 1

with  the CR particle pitch angle μ = ⃗p . b⃗

b(p) = bl + p
⃗∇ . ⃗u
3

+ Dpμ
f1
f0

+
Dpp

f0

∂f0
∂p

Radiative losses 

Adiabatic changes

Streaming losses

Fermi II acceleration

Equations on distribution function    f

 gas velocity

 : CR particle velocity


: scattering rate


: streaming transport


 : CR injection

⃗u :
v
D̄μμ

D̄μp

j0,1



Spectral method
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f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t)

from  : f0
ni = 4π ∫ pi+1/2

pi−1/2
p2 f0(p)dp

ei = 4π ∫ pi+1/2

pi−1/2
T(p)p2 f0(p)dp

∂f0
∂t

+ ⃗∇ . ( ⃗uf0) + ⃗∇ . (vb⃗f1) =
1
p2

∂
∂p [p2b(p)f0] + j0

∂f1
∂t

+ ⃗∇ . ( ⃗uf1) + vb⃗ ⃗∇ ( f0
3 ) = − [D̄μμ f1 + D̄μp

∂f0
∂p ] + j1

Equation evolving the isotropic part of : f

Equation evolving the anisotropic part of : f

with  the CR particle pitch angle μ = ⃗p . b⃗

Equations on distribution function    f



Spectral method
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f(x, p, μ, t) = f0(x, p, t) + 3μf1(x, p, t)

from  : f0
ni = 4π ∫ pi+1/2

pi−1/2
p2 f0(p)dp

ei = 4π ∫ pi+1/2

pi−1/2
T(p)p2 f0(p)dp

∂f0
∂t

+ ⃗∇ . ( ⃗uf0) + ⃗∇ . (vb⃗f1) =
1
p2

∂
∂p [p2b(p)f0] + j0

∂f1
∂t

+ ⃗∇ . ( ⃗uf1) + vb⃗ ⃗∇ ( f0
3 ) = − [D̄μμ f1 + D̄μp

∂f0
∂p ] + j1

Equation evolving the isotropic part of : f

Equation evolving the anisotropic part of : f

from :  f1
Fn

i = 4π ∫ pi+1/2

pi−1/2
p2vf1(p)dp

Fe
i = 4π ∫ pi+1/2

pi−1/2
T(p)p2vf1(p)dp

with  the CR particle pitch angle μ = ⃗p . b⃗

Equations on distribution function    f



Spectral method
Equations on   ni, Fn

i , ei, Fe
i
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∂ni

∂t
+ ⃗∇ . ( ⃗uni) + ⃗∇ . ⃗F n

i = [4πp2b(p)f0]pi+1/2

pi−1/2
+ jn

0,i

1
v2

∂ ⃗F n
i

∂t
+ b⃗b⃗ . ⃗∇ ( ni

3 ) = −
1

3κn
i [ ⃗F n

i −
qi

3
ūAni]

∂ei

∂t
+ ⃗∇ . ( ⃗uei) + ⃗∇ . ⃗F e

i = [4πp2b(p)T(p)f0]pi+1/2

pi−1/2
− 4π∫

pi+1/2

pi−1/2

p2vb(p)f0dp + je
0,i

1
v2

∂ ⃗F e
i

∂t
+ b⃗b⃗ . ⃗∇ ( ei

3 ) = −
1

3κe
i [ ⃗F e

i −
qi

3
ūAei] .

• Terms transferring energies 
between momentum bin


•  and diffusion 
coefficient depends on : 
κe

i = κn
i = κi

p
κ(p) ∝ p0.5



  Spectrum time evolution
Update in momentum
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ni(t + Δt) = ni(t) − Δni−1/2 + Δni+1/2

ei(t + Δt) = (ei(t) − Δei−1/2 + Δei+1/2)(1 − RiΔt)−1

Δni−1/2 = ∫
pinit,i

pi−1/2

4πp2 fdp Δei−1/2 = ∫
pinit,i

pi−1/2

4πp2 T(p)fdp

• Flows in  and  between binse n
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Radiative losses

• Coulomb losses: dominate at low momentum 
(  GeV/c)


• Hadronic losses: dominate at high momentum 
(  GeV/c)

p < 1

p > 1

Application: Free cooling test

12 For  bins and N = 10 q = 4.5
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Diffusion

• High-momentum CRs diffuse faster than low-momentum CRs


• Correction on the diffusion coefficient 

Application: 1D diffusion test

13 For  bins and N = 10 q = 4.5

κi(p) ∝ p0.5
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Shock tube
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Pc

Ptot
Pth

Pc

Ptot
Pth

CR two-moment


(Rosdhal+25)
CR spectral method
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Supernova remnant 

N.Diallo  
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ESN = 1051 erg

κi(p) = 3 × 1025 ( p
1GeV )

0.5

cm2 s−1

⟨B⟩ ≈ 0.025 μG

ngas = 10 cm−3



Summary

• Development and implementation of the spectral method for CRs in RAMSES


• Different idealized tests validate this method


• Simulation of supernovae


Next step: study momentum deposition of SNe with CRs (Rodriguez Montero et al. 
2022)

16
N.Diallo  



Summary

17
N.Diallo  

Currently looking for 
a PostDoc position !

diallo@iap.fr

• Development and implementation of the spectral method for CRs in RAMSES


• Different idealized tests validate this method


• Simulation of supernovae


Next step: study momentum deposition of SNe with CRs (Rodriguez Montero et al. 
2022)
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